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This paper is, in part, a continuation of previous work on primary ideals 
of Witt rings [3]. There, for a formally real field F with finite height and 
only finitely many orderings, necessary and sufficient conditions were given 
for every ideal of the Witt ring WF containing an odd dimensional form to 
be principal. In this paper, the restriction on the height of F is dropped and 
the same conditions are shown to be equivalent to having every ideal which 
simply contains a non-zero-divisor be principal. This, in turn, can be 
shown to be equivalent to the ideal class group of the Witt ring being 
trivial. We are thus led to our main goal: computing the ideal class group 
of an arbitrary Witt ring. 
The key to improving results from [3] is a theorem of Griffin [9] which 
states that WF is a Prufer ring unless F is Pythagorean with at least two 
orderings. This does not seem to have received the attention it deserves. 
Together with general properties of Prufer rings (many also due to Griffin), 
Griffin’s theorem has many consequences for Witt rings, which we explore. 
These results complement primary decompositions nicely. We are thus able 
to prove a key lemma (1.8) by first deducing it for non-Pythagorean F 
since WF is Prufer, and then for Pythagorean F (when the height is 0, 
hence finite) since primary decompositions exist. 
The first section reviews Griffin’s results and applies them to Witt rings. 
The main result of this section extends work in [3] and [S] (by combining 
them). We show that for formally real F with only finitely many orderings, 
every ideal of WF containing an odd dimensional form is a (unique) 
product of prime ideals and has a (unique) primary decomposition. 
The second section begins by discussing the main property of orderings 
required (weakly n-stable). Let A’, denote the set of orderings on F and 
C(R) the ideal class group of the Witt ring R= WF. We show that if 
1 d (X,1 < co then C(R) is trivial iff F is weakly 2-stable. More generally, 
suppose F is weakly n-stable but not weakly (n - I)-stable (n > 3) and 
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IX,/ = Y. Then C(R) is a finite group of 2-power order, each element of 
C(R) has order at most 2”-*, and 2”-*6 IC(R)I <2(“P2)(rP’). 
Two noteworthy corollaries of these results (under the assumption 
1 6 IX,:1 < co) are (i) If an ideal Ic WF contains a non-zero-divisor a then 
I= (a, h) for some b E WF, and (ii) If F is n-stable and an ideal Ic WF 
contains a non-zero-divisor then 1” -’ is principal. 
The third section presents an example, namely the computation of the 
ideal class group of WF for F= !X((t,))((t,))...((t,)). 
As was the case in [3], all of the arguments here are elementary. In 
particular, all of the results hold in a more general setting, such as that of 
the abstract Witt rings defined by Marshall [ 151. 
Throughout F will denote a formally real field and R will denote the 
Witt ring of non-degenerate quadratic forms over F. IF will denote the 
ideal in R of even dimensional forms and I”F the nth power of IF. We 
denote the natural numbers by N and Z/nZ, n E N, by Z,. The set of 
orderings on F is X,. For m E N, m > 3, and c( E X, we let 
P(a)= {PER 1 sgn,r=Oj 
P(!x,m)={rER/sgn,rrO (mod m)}. 
The prime ideals of R are IF, P(a), P(cr, p) as cx ranges over X, and p 
ranges over odd primes. Only the primes P(U) are not maximal. For these 
results and other basic results, terms, notation for Witt rings see [12]. 
We generally follow [4] for terminology and notation in multiplicative 
ideal theory. However, most of the basic terms are defined as needed in this 
paper. In several places results on orderings not found in [12] are needed. 
References to original papers are given as well as references to [ 131, which 
has a more uniform terminology (used here). 
1. REGULAR IDEALS 
We begin by assembling some basic results (due primarily to Griffin) and 
definitions. An element x E R is a regular element if it is not a zero-divisor. 
An ideal IC R is a regular ideal if it contains a regular element. 
LEMMA 1.1. (1) If R is not reduced then x E R is regular iff x is odd 
dimensional. 
(2) If R is reduced then x E R is regular iff sgn, x # 0 for all CY E X,. 
Proof: [12, VIII 6.63. 1 
If R is reduced we will need to distinguish those regular elements of R 
which are odd dimensional. We make the following: 
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DEFINITION. An element x E R is strongly regular if x is odd dimen- 
sional. 
Thus strongly regular elements of R are regular and if R is not reduced 
then the converse holds. Note that our definition of strongly regular is not 
the same as in [7]. For commutative rings, the strongly regular elements 
of Goldie and Krause are precisely the regular elements. 
K will denote the total quotient ring of R, that is, K= S- ‘R where 
S= (XE R 1 x regular}. An ideal IC R is invertible if there exists an 
R-module JC K with IJ= R. Invertible ideals are regular. A (commutative, 
with unity) ring S is a Prufer ring if every finitely generated regular ideal 
is invertible. The following is [9, Proposition 151: 
THEOREM 1.2. (Griffin). R is a Prufer ring $f R is not reduced or tf 
R=Z. 
Griffin, in [8], has found many conditions on a ring S equivalent to S 
being Prufer. We list some of the more interesting ones for our Witt ring R: 
THEOREM 1.3 (Grihin). The following are equivalent: 
(1) R is a Prufer ring. 
(2) If P is a maximal ideal of R, I and J ideals of R with at least one 
regular, then either IR, c JR,, or JR, c IR,. 
(3) Every over-ring S, R c S c K, is a flat R-module. 
(4) If I, J, L are ideals of R with J or L regular, then I(Jn L) = 
IJ n IL. 
(5) If I and J are ideals of R, one of which is regular, then 
(I+J)(InJ)=IJ. 
(6) If I and J are ideals of R with Jfinitely generated and regular and 
I c J then I = JL, for some ideal L c R. 
COROLLARY 1.4. Let R be non-reduced. Then 
(1) R is integrally closed in K. 
(2) If I, J, L are ideals of R with I regular, then IJ = IL implies J = L. 
Proof: (1) is by [8, Theorem 131. (2) follows from [8, Theorem 151 
since each regular maximal ideal P yields a Manis valuation with H u co. 
To be more specific: let P = P(a, p), where 0: E X, and p is an odd prime. 
The signature map sgn,: R + H extends to a homomorphism s: K + Q. Let 
up: Q + Z u cc be the usual p-adic valuation. Then r = up OS: K + h u cc 
gives the required Manis valuation. 
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COROLLARY 1.5. The following are equivalent: 
(1) R is non-reduced and IX,1 < so, or R z Z. 
(2) All regular ideals of R are invertible. 
(3) Every regular ideal of R is a product of prime ideals. 
Proof. (2)~ (3) is [S, Theorem 171. To show (1) tt (2) it suffices, by 
[S, Theorem 171 and (1.4), to note that IA’,1 = cc iff some regular element 
lies in infinitely many primes. For example, 3 . ( 1) E P(a, 3) for all 
MEXF. 1 
The equivalence of (1) and (3) in (1.5) is closely related to work in [3] 
and can be used to extend its main theorem. [3, 2.31 said every ideal has 
a primary decomposition iff IX,1 < cc and h(F) < co. For strongly regular 
ideals the restriction on the height h(F) can be dropped (cf. (1.8)). 
We begin the work to extend some of the results of [3] to fields with 
infinite height and some of the results of [S] to reduced Witt rings. 
LEMMA 1.6. Let CY E X, and let P be an odd prime. For any k E N, 
P(a, Pk) = PC4 PI”. 
Proof Clearly P(cc, P)~ c P(a, p”) and pk. ( 1) E P(u, P)~. If a < oL 0 then 
(l,a)=(l,a)((l)I~(l,-a))k~P(cc,p)k, where s=(p-1)/2. The 
elements (1, a) with a <,O generate P(M). Thus P(cc, pk) = P(a) + 
(Pk4HCP(%PY. I 
We recall the primary ideals of R from [3]. Let c( E X, and p be an odd 
prime. The only P(M)-primary ideal is P(u). The P(cc, p)-primary ideals are 
P(cx, pk), k 3 1, and the IF-primary ideals are all ideals Zc IF with 
2k.(1)Elfor some k>l. 
PROPOSITION 1.7. Suppose IX,1 < 00. If Q,, . . . . Q, are strongly regular 
primary ideals with distinct radicals then n:=, Q, = nr= 1 Q,. 
Proof: We first suppose that R is non-reduced (that is, F is non- 
Pythagorean). We use induction on n and consider first the case n = 2. Let 
Qi = P(cr,, p;‘) and Q, = P(cc,, py) with, for i= 1, 2, GL,E X,, pi odd primes 
and e, > 1. Our assumption on the radicals implies c1i # CI* or p1 # p2. In 
either case, P(cr,, pl) + P(cc,, pz) = R. By the Chinese Remainder Theorem 
and (1.6), Q, + Qz = P(a,, pl)el + P(cr,, pz)cz= R. Then Qi A Q2 = Q, Q2 
by (1.3) (5). For n > 2 we have 
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fIl Qi=Q, fi Qr= QI ( h Q,), by induction 
i=2 i=2 
= ii Q,Q,, by (1.3) (4) 
r=2 
=,h, Qo by the case n = 2. 
We now consider the reduced case. Here the height of F is 0 and so 
[3, 2.31 implies nl=, Qi has a primary decomposition. Let I= n:=, Qi 
and .Z=n;=i Qi. Clearly ZcJ. Let Q;=P(cc,,pT), where c(,EX~, pI is an 
odd prime, and e, > 1. 
Let Q = P(j?, 6) be a primary ideal containing I. We first show /I is some 
czi, i = 1, . . . . n. Suppose not. Then for each i= 1, . . . . n we may choose USE F 
with aj <.,O and aj >,O. Then x=n:=, (l,q)~n:=, Qj=ZcQ, but 
sgnB x = 2”, a contradiction. We may thus suppose /I = c(i. Say 
al=‘q= . . . =c( r and a, # cli for r < id n. Using the same ai, set 
Y=ll:=,P?.I-I:=,+, (1,ai).Againy~JJ;=,QicQ.NowsgnBy=2”~’. 
Hi= i of’ must thus be 0 modulo 6. Hence q is some p,, say p,, and f< e, . 
That is, Q=P(/?, ~)=P(GL~,~)xP(cL,, prl)=Q1. 
We thus have that every primary ideal Q in a primary decomposition of 
Z contains some Qi, and hence Q contains J = ny=, Q,. So Jc n Q = Z and 
we are done. 1 
We remark that we did not need the hypothesis lXcl < 00 in (1.7) when 
R was non-reduced. 
The following extends [S, Theorem 171 and [3, 2.31. 
THEOREM 1.8. Suppose (X,1 < 00 and let Z be a strongly regular ideal of 
R. Then 
(1) Z is a unique (finite) product of prime ideals, 
(2) Z has a unique primary decomposition. 
Proof. If R is non-reduced then (1) follows from (1.5) and [S]. Powers 
of prime ideals P(cr, p)‘, are primary ideals by (1.6). So (2) follows from (1) 
and (1.7). If R is reduced, then (2) follows from [3, 2.31 and (2) implies (1) 
by (1.6) and (1.7). 1 
We remark that (1.8) fails if IX,1 = co. For R non-reduced, the failure of 
(l), hence (2) by (1.7), follows from (1.5). For R reduced, it is easy to 
check that (3) = n atXI P(M, 3) does not have a primary decomposition if 
I X,1 = co. Hence (2) fails. 
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2. IDEAL CLASS GROUPS 
We begin by examining the key properties determining the structure of 
the ideal class group. The first two of the properties defined below were 
considered by Elman and Lam [2]. 
DEFINITIONS. (1) A field F is i-stable if I’+ ‘F= 21’F. 
(2) A field F is weakly i-stable if for all disjoint closed sets A, B c X, 
there exists a form q E Z’F such that sgn, q = 0 for CI E A and sgnB q = 2’ for 
/3 E B. 
(3) A field F is i-covered if for all disjoint closed sets A, B c X, there 
exists a form q E R = WF such that sgn, q = 0 for CI E A and sgnp q = 2’ for 
fi E B. 
In general, i-stable implies weakly i-stable [2, 3.71 and weakly i-stable 
implies i-covered. If I’+’ F is torsion-free then i-stable and weakly i-stable 
are equivalent [2, 3.71. We will show that weakly i-stable and i-covered are 
equivalent if IX,1 < co. 
LEMMA 2.1. If 1 X,1 < CC then F is weakly i-stable for some 
idmax{l, 1X,1-1}. 
Proof: We may assume IX,/ > 1, since the case IX,1 = 1 is easy. Let 
x,= {c& . ..) ~1,). Let A and B c X, be disjoint (necessarily closed) subsets. 
For each p E B we can find an r-fold Phster form ps such that sgn, pg = 0 
for a #B and sgnBpB = 2’ [3,2.3]. Then q = CBEB pg is the element 
showing F is r-covered. 1 
PROPOSITION 2.2. Suppose /Xp;I < CC and i 3 1. Then F is weakly i-stable 
iff F is i-covered. 
Proof: We need to show that if F is i-covered then F is weakly i-stable. 
It is enough to do this for Pythagorean F. Namely, if T = C P2 then by 
[ 141 there exists a Pythegorean field K with p/T% k/k’. Further, if we 
write (aT)* for the image of aT in k/k2 then X,= {CC* I c1 E X,-}, where 
a*(aT)* = 1 iff a(a) = 1. Thus F is i-covered iff K is i-covered and F is 
weakly i-stable ;iff K is. 
We may thus assume F is Pythagorean and IX,1 < co. Let A and B be 
disjoint subsets of X,. Extend A to A’=X,\B. We know there exists 
qER=WF such that sgn,q=O if a$B and sgn,q=2’ if EEB. In 
particular, 2’ I sgn, q for all c1 E X,. By [ 15, 8.201 q E Z’F. Hence F is 
weakly i-stable. 1 
Recall that for c( E X,, mEN(, m>3, we let P(cr,m) denote {rERI 
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sgn, r E 0 (mod m)}. Note that if m = l-I:= I py, where pi, . . . . pn are distinct 
odd primes, then P(a, m) = ny=, P(cc, pf’). We also recall (1.6): P(a, of’) = 
P(& PJ”. 
LEMMA 2.3. Suppose /X,1 < co and i >, 2. The following are equivalent: 
(1) F is weakly i-stable. 
(2) P(cc, m) is principal for all a E X, and all m E + 1 (mod 2’). 
(3) P(cr, 2’+ 1) isprincipalfor all ciEXF. 
Proof: (l)-(2): Write m=l+k.2’ (the case m--l (mod2’) is 
similar) and fix c1 E X,. By assumption, there is a form q such that 
sgnBq=O if b#cc and sgn,q=2’. Set cr = (1) + kg. We consider the 
primary decomposition of (a). Let Q = P(j?, $) be a primary ideal 
containing 6. Since sgnB 0 = 1 if /I # c(, we must have p = a. Further, 
sgn, (T = m = 0 (mod $). Thus if m = nr=, p; is a prime factorization, p 
equals some pi and j d ei. Thus the ideals P(a, p?) are the minimal primary 
ideals containing 0. By (1.8) ([T) = fly=, P(a, p?) = P(a, m). 
(2) -+ (3) is trivial. 
(3)+(l): Fix crEXF and set m= 1 +2’. We will show there is a form 
0 E R = WF with sgnB (T = 0 if /I # tl and sgn, cr = 2’, which is sufficient by 
(2.2). We have P(a, m) = (q) for some form q. Then sgn, q = +m and if 
/I # ~1, sgnB q = kl (otherwise there is a primary ideal containing (a) but 
not P(cc, m)). By multiplying by - 1 if necessary, we may assume 
sgn, q = m. Further, there is an element a E P represented by q with a > a 0. 
So replacing q by aq if necessary, we may assume q N (1) + q,, for some 
form go. 
If sgnB q0 = 0 for all ,!3 # c1 then we are done. So suppose otherwise. Then 
there exists a /I E X, with sgnB q,, = -2 (since sgnB q = f 1 for all /I # tx and 
q0 = q - ( 1)). In particular, q0 E IF\Z*F. We may write q0 = (b, bd) + ql, 
with some q1 E f2F. Set q2 = ((6, d )) + ql. We will show sgnB q2 = 0 for 
B # CI by considering various cases. 
Case 1. sgns q0 = 0. 
Here sgns(b, bd) = -sgna q, ~0 (mod 4), since q1 E I*F. Hence 
sgn8( b, bd ) = 0. Thus sgn8(( b, d )) = 0 and sgnB q2 = sgns q, = sgns q0 = 0. 
Case 2. sgnB q0 = -2. 
Since 4 divides sgng ql, we have that sgns(b, bd ) = +2. Suppose first 
that sgns(b, bd ) = 2. Then sgnB q1 = -4 and sgns(( b, d }) = 4. Thus 
sgnB q2 = 0. Next suppose that sgn,(b, bd) = -2. Then sgns q1 = 0 and 
sgnP(( b, d )) = 0. Thus again sgnB q2 = 0. 
We thus have sgnB q2 = 0 for all orderings /I # do. Lastly, sgn,( b, bd) 
E -sgn, q1 (mod 2’) since sgn, q0 = sgn,((b, bd) + ql) = 2’. Then 
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sgn,(b, bd) - 0 (mod 4) since q1 E 12F and i> 2. Hence sgn,(b, bd) = 0, 
sgn,(( b, d )) = 0 and sgn, q2 = sgn, q1 = sgn, q - 1 = 2’, as desired. 1 
We may now extend [9, Proposition 151 to strongly regular ideals in 
reduced Witt rings. 
COROLLARY 2.4. If IX,1 < cc then every strongly regular ideal is 
invertible. 
Proof If R is not reduced then this is (1.5). If R is reduced then any 
strongly regular ideal is a product of prime ideals (1.8). So it is enough to 
show that strongly regular prime ideals are invertible. Let I= P(cc, p), 
where a E X, and p is an odd prime. F is weakly i-stabie for some i (2.1). 
Let e denote the order of p in the group of units in Z,,. Then p’z 1 
(mod 2’) and I’= P(cc, p”) is principal by (2.3). Hence I is invertible. 1 
If R is not reduced, and X, is finite, then the notions of regular ideals, 
strongly regular ideals, and invertible ideals coincide. However, if R is 
reduced then there may exist regular ideals that are not invertible and 
invertible ideals that are not strongly regular. 
Indeed, if R is reduced, R z+ Z, and X, finite then (1.5) implies there 
must exist regular ideals that are not invertible. If IF/&‘*1 > 4 then IF is 
such an ideal. And for any reduced ring R, the principal ideal (2) is 
invertible but not strongly regular. To give an example of a non-principal, 
invertible ideal that is not strongly regular, let F=llik((t,))((t,))((t,)). Set 
I= (4, 2 - ((t, , t,, t, )) ). I is not principal since if q were a generator then 
q would have signature f2 at each ordering. Further, q divides 
2 - ((t,, t,, t3)) with quotient q’ having signature k3 when tl, t,, t, >O 
and f 1 at all other orderings. But then P(a, 3) = (q’), which is impossible 
[3, p.3801. However, Z2=(16, 8-4((t,, t,, t3)), 4+4((t,, tz, t3)))=(4). 
Thus I is invertible, but not strongly regular. 
~OPOSITION 2.5. Suppose lXFl < cc and let I be an invertible ideal of R. 
If a E I is regular then I= (a, b) for some b E R. 
In particular, every ideal containing an odd dimensional form a can be 
generated by a and some b E R. 
Proof The second statement follows from the first. If an ideal Z con- 
tains an odd dimensional form a then, by definition, I is strongly regular 
and hence invertible (2.4). The first statement hen yields the second since 
a is regular. 
The first statement follows from [6, Theorem 33 if we can show that a 
is contained in only finitely many maximal ideals of R. Suppose otherwise. 
Then, since I XFI < co, a E P(a, p) for some 0: E XF and infinitely many 
4R1,124/2-16 
514 ROBERTW. FITZGERALD 
primes p. Thus, a E P(U). But then a is even dimensional and sgn, a = 0, 
which contradicts (1.1). 1 
We review the construction of the ideal class group. K will again denote 
the total quotient ring of R. A fractional ideal of R is an R-submodule I of 
K such that rZc R for some regular element r E R. Note that rZ is an ideal 
of R. A fractional ideal I is invertible if there exist a fractional ideal J such 
that ZJ= R. Note that if Z is an invertible fractional ideal with rZ c R then 
rZ is an invertible ideal of R (as defined earlier). The set Z(R) of all 
invertible fractional ideals of R is a group under multiplication. The set of 
principal regular fractional ideals of R forms a subgroup P(R) of Z(R). 
The factor group Z(R)/P(R) is the ideal class group of R, denoted C(R). If 
Z is an invertible fractional ideal of R then [Z] will denote the coset 
ZP(R) E C(R). Note that an element of C(R) may be represented by [I], 
where Z is an invertible (hence regular) ideal of R. 
The key to calculating C(R), for a Witt ring R, is the following better 
representation. 
LEMMA 2.6. Suppose IX,1 < co. Then any element x E C(R) may be 
represented as x = [J], where J is a strongly regular ideal of R. 
Proof. We may assume x = [Z], where Z is an invertible ideal of R. If 
Z g IF then Z is strongly regular, so we may assume Zc IF. Then Z,F= (u),~ 
for some form a~ Z [4, 17.3, 7.41. Indeed, a must be regular since Z is 
[4, 17.11. Then by (2.5), I= (a, b), for some form be R. Now b/l EZ,~= 
(a),, so b/l = ay/z, for some y E R and z E R\ IF. That is, bx = ay. Hence 
(~)(a, b) = (a~, a~) = (a)(~, Y). 
Set J= (z, y). J is strongly regular since z is and so J is invertible by (2.4). 
Clearly [Z] = [J] in C(R). 1 
We may now extend (3.1) of [3]. 
THEOREM 2.7. Suppose /X,1 < co. Then C(R) = { 1 } iff F is weakly 
2-stable. In this case, there is unique factorization into irreducibles for 
regular forms. 
Proof: C(R) = ( 1 } ‘ff 1 every strongly regular ideal is principal by (2.6). 
The result thus follows from [3, 3.11. (Note: Theorem 3.1 of [3] has the 
additional assumption that the height h(F) is finite. The proof of (3.1) only 
uses this extra assumption to ensure the existence of primary decomposi- 
tions, which now follows from (1.8)). 1 
We now compute C(R) in general. We first observe that for m and n 
odd, P(a, m) P(cc, n) = P(a, mn), which can be easily deduced from (1.7). 
CLASSGROUPSOFWITTRINGS 515 
THEOREM 2.8. Suppose F is weakly i-stable but not weakly (i- I)-stable, 
where ia 3. Suppose also that IX,1 < 00. For each c1 E X, let H(u) = 
{ [P(a, m)] 1 m an odd integer} c C(R). Then: 
(1) H(u) is a subgroup of C(R). 
(2) IH( =2’, for some j<i-2. 
(3) H(X) is cyclic, generated by [P(a, 5)]. 
(4) There exists c( E X,: with IH(cc)l = 2’-*. 
Proof: Let : Z + Z2, an d let G = U(Z,,)/{ f 1 }. For an odd integer m 
let 6 denote its image in G. It is well known (cf. [lo, IV Theorem 2’1) that 
G is cyclic of order 2’+* and generated by 5. 
Consider the map x: U(Z,,) + C(R) defined by ~(6) = [P(a, m)]. x is 
we11-defined.Name1y,if~=~~U(Z2,),1et~=~~’=~~’;thenmkrnk-1 
(mod 2’). Hence by (2.3) [P(cr, n)][P(a, k)] = [P(a, nk)] = 1, and 
[P(q m)][P(a, k)] = 1. Thus [P(a, n)] = [P(cr, m)]. Also, x is clearly a 
group homomorphism. 
Since the image of x is H(u), H(a) is a group. Also, P(a, 1) = 
P(cq -1) = R, so { f 1 } is in the kernel of x. We thus get a surjective 
homomorphism x,: G -+ H(a). Parts (2) and (3) now follow from the first 
paragraph. 
To prove (4), suppose the result is false, that is, suppose IH( < 2jp3 
for all r E X,. Fix a E X,. The map x1 is not injective and so contains an 
element of order 2, say g. Now (2’- ’ + 1)’ E 1 (mod 2’) and 2’- i + 1 f & 1 
(mod 2’) since i 2 3. Set m = 2’-’ + 1. Then 6 has order 2 in G, and since 
G is cyclic, % = g. Thus 1 = xi(&) = [P( ~1, m)]. That is, P(cr, m) is principal. 
This holds for each c1 E X,. Then (2.3) implies that F is weakly (i - l)- 
stable, a contradiction. 1 
COROLLARY 2.9. Let F be weakly i-stable but not weakly (i - 1)-stable, 
with i> 3. Let X,= {a,, . . . . a,}. Then 
(1) C(R) = fl:=, H(a,), where H(cc) is as in (2.8). 
(2) C(R) is a finite group of 2-power order. 
(3) Every element of C(R) has order at most 2’-=. 
(4) 2’-2< IC(R)I <2”+*“‘-I’. 
Proof: Let x E C(R). Then x = [J] for some strongly regular ideal J of 
R by (2.6). J is a product of maximal ideals of the form P(a, p) by (1.8). 
Hence x = [J] lies in the product of some H(ol)‘s. Thus (1) holds. 
Statements (2) and (3) now follow from (2.8) (2). Lastly, note that 
(5)=n;=, P(!.~,,5)=n;=, P(LY,,~), by (1.7). Hence H(cr,)cH(cr,). ... . 
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H(a,- ,), by (2.8) (3). Since at least one H(U) has order 2’-’ (by (2.8) (4)) 
and generally [H(U)/ d2’-‘, statement (1) yields (4). 1 
COROLLARY 2.10. Suppose IT,1 < 00 and F is weakly i-stable. Then for 
any invertible ideal I, I”- 1s prmcipal. 
Proof: Immediate from (2.9) (3). 1 
3. EXAMPLE 
We compute C(R) in the case F=IW((t,))((t,))...((t,)). Here the Witt 
ring R is the group ring Z[d,], where A,, is the elementary 2-group with 
basis t, , . . . . t,. The basic fact about the set of orderings we need is that 
every subgroup Tc F/p”, that does not contain - 1, is a fan ([2,4.6], cf. 
also [13, p. 451). 
THEOREM 3.1. Let n > 3. Then 
C(Z[A,]) z “6’ (Z2,)(i:2). 
i= I 
The proof of (3.1) requires several emmas and considerable notation. 
LEMMA 3.2. F is weakly n-stable but not weakly (n - 1 )-stable. 
Proof. Since F is Pythagorean, weakly n-stable is equivalent to n-stable 
[2, 3.71. The result thus follows from [2, p. 11781. 1 
In the cases omitted from (3.1) namely n = 0, 1, 2, we have 
C(Z[A,])= {l} by (3.2) and (2.7). Also we note that for nd 3, 
log, IC’(Z[A,])l =x1:: i(iJ2). The case n = 3 yields IC(Z[A,])l = 2, 
showing that the lower bound of (2.9) is the best possible. However, in no 
case is IC(Z[A,])l as large as the upper bound of (2.9). 
For a prime p and integer z, we let p 1) z denote as usual p” 1 z and 
P n+l 1 z. 
LEMMA 3.3. m E N, 2”+2 /I 5=“‘- 1. 
ProoJ This is a restatement of [ 10, IV Theorem 2’1 and easy to prove 
directly by induction. 
We introduce some more notation: For a E X, let i(cc) = I { tj 1 ti > oL O}l. 
Set S,= {LYEX~I i(cr)=j) and G,=~,,,H(~L), where H(a) is defined as 
in (2.8). 
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LEMMA 3.4. C(R) = n;=, Gj. 
Proof: C(R) = I-IasxF H(E) = ny=, G, by (2.9). Let G’ = JJIy=, G,. Pick 
p E S,. Then for some i # j, t, > B 0 and fj > B 0. We have, using primary 
decomposition and (1.7), 
where T=(y~X~lf~>~o, t,>,O}. Clearly T\{fl}cU~=,S,. Hence 
cm, 5)1= n,..,,,, [P(y, 5)] -’ E G’. Thus H(b) c G’and G, c G’. 
Now let flesh with, say, t, >,O. Then (l+ ((1, tj)))=n,suP(y, 5), 
where U = {y E A’,. 1 t, >./ 0). Since U\ {a} c WY=, S,, we obtain 
[P(/?, 5)] EG*. G’c G’ and so G, c G’. Lastly, say So= (/I}. From 
(5)=&, P(y,5) we see that G,cG,GzG’cG’. Hence G=G,G,G,G’ 
c G’. The inclusion G’ c G is obvious, so we obtain G’ = G. 1 
Let K be a subgroup of &‘/p2 of index 2k (k> 2) such that - 1 +$ K. 
Since K is a fan, the set of orderings for which K is positive has 
r = 2k-’ elements, say A = {c(,, . . . . a,}. Denote by x(K) the product 
FLEA Cf’(a, 511 E C(R). 
LEMMA 3.5. Let K, A, and x(K) be as above. Then the order of x( K) in 
C(R) is 2”pkp1. 
ProoJ: Let a,, . . . . a, (s = n -k + 1) be a Z,-basis for K. There exists 
rnEN with m.2”+1=52sm2 by (3.3). Let q=(l)+m((a, ,..., a,)). Then 
sgn,q=l if a$A and sgn,q=52sm2 if a E A. Taking the primary decom- 
position for (q) and using (1.7) yields (q)=n..,, P(a, 5)“-‘. Thus 
x(K) *‘-‘= 1, that is, 0(x(K)) ) 2npkp’. 
Suppose then that x(K)~‘-~-’ = 1. Then there exists q’ E R such that 
sgn,q’= lfI1 if a$A and sgn,q’= 15 2”-k-2 if a E A. Let e = d f (4’). Then 
for a $ A, sgn,(eq’) = 1 by [ 11, p. 1533. 
We use a special case of a theorem of Brown [ 1 ] (cf. [ 13, 6.8]), namely 
this theorem applied to the fan P2: 
1 sgn,(eq’) = 0 (mod 2”). 
CtEXF 
If u denotes the number of a in A with sgn,(eq’) > 0, we obtain 
u.52”-k-‘-(2k--lu~52”-k-*+(2~-2k~~)E~ (mod 2”), 
3v52n~k~Z_2k-l(52*~k-2+ 11~0 (mod 2”). 
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Now 2k / 2kP’(5”PkP2+ 1) so 2k 120. But ud IAl =2kP’. Hence ~=2~-’ 
and we obtain 
2k-l(~2”-k-2-~)z~ (mod 2”) 
pmkm2 - 1 E 0 (mod 2nPk+‘), 
But 2”-k // 52”--* - 1 by (3.3), which gives a contradiction. Hence the 
order of x(K) is 2nPkP’. 
We introduce yet more notation. Recall that S, , is the set of orderings 
in which exactly one ti is negative. S,_ , has n orderings, say S,-, = 
Ia 1, ..., E,}. Let rxO be the ordering in which all ti are positive. Let PC(M), for 
GI E X,, be the positive cone of a, that is, pc(a) = {a E p/j2 1 a > a O}. 
For each subset (gi,, . . . . CI!,} of S, ~ r, with 1 < j 6 n - 3, let K(i,, . . . . i’) = 
PC(Q) n n{=, pc(a,). Let x0 = [P(E, 5)] E C(R) and x(i,, . . . . i,) = 
x(K(i, ( . ..) i,)). 
We make some preliminary remarks. K(i, , . . . . i,) is a subgroup of p/p2 of 
index 2j+ ‘. Hence, by (3.5) the order of x(i,, . . . . i,) is 2”-jP 2. The order 
of x0 is 2”-2 by (2.8). There are (‘J) subsets of j orderings in S, _, and so 
(7) x( i, , . . . . ii)‘s for each j. Therefore, the direct product of the cyclic groups 
generated by the x’s is isomorphic to @;:i (Z,,-,-z)(y), which is 
@y-f (E2,)(i:2) upon setting i = n - j - 2. Thus to prove (3.1) we need to 
show that C(R) is the direct product of the cyclic subgroups generated by 
the x’s. 
Now K(i,, . . . . i,) will contain (n-j) t;s, say t,, . . . . tnpj. Then 
x(i, ) . ..) i,)=n, [P(m,5)] over all c1 with t, >.O, ldidn-j. In 
particular, there is exactly one a in the product with i(z) = n - j and all 
other c1 have i(a) > n -j. 
Proof of (3.1): We need to show, as remarked above, that C(R) is 
generated by x0 and the x(i r, . . . . ij) with 1 6 j < n - 3 and that there are no 
relations among these x’s. 
Suppose the group H generated by the x’s is not all of C(R). Now H 
does contain x0 = [P(q,, 5)]. Let k be the greatest integer such that H does 
not contain some [P(cr, 5)] with i(a)= k. We have that 3 < k<n by (3.4). 
We may suppose t,, . . . . t, are positive with respect to ol. Let tx,,, . . . . tlii be all 
the orderings in SUP, for which t,, . . . . tk are positive. Note that 
O<j<n-3, since 36 <n. Then x(i,, . . . . ij)= [P(cr, 5)] .na[P(b, 5)], 
where i(B) > k for all /I in the second product. By the maximality of k, 
& [P(p, 5)] EH. Since x(i,, . . . . ii)e H, we obtain [P(c(, 5)]eH, a 
contradiction. Therefore C(R) is generated by the x’s. 
Now suppose there is a relation among the x0, x(i,, . . . . i,) where 
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1 <jbn-3. Let x(i,, . . . . ij)” be a term in the relation with maximal j. We 
will show x(i,, . . . . i,)” = 1 in C(R), thereby arriving at a contradiction. 
Writing each x in the relation as a product of [P(ct, 5)1’s gives an 
equation in C(R) of the form naEA [P(c(, 5)lnU= 1. Thus there exists a 
form qE R with (q) = nleA P(cc, gny). For this q, sgn, q = +5”= if 01 E A and 
sgn,q=flifix~A.By[11,p.153],wemayinfactassumethatsgn,q=1 
if ct$A. 
For convenience of notation, suppose that t,, . . . . t, are precisely the tis 
in K(i,, . . . . i,). Let fi be the ordering for which t,, . . . . t, are positive and 
t r+, , . . . . t, are negative. Then x(i 1, . . . . ij) = CWk 511 FL CfY4 5)l over 
some c( with i(a) > r. Note that the maximality of j implies that the only 
occurrence of [P(fl, 5)] in the equation naGA [P(c(, 5”“)] = 1 arises from 
its occurrence in x(i , , . . . . i,)” in the original relation. In particular, the ng in 
(q)=rI,,, P(cr, 5”1) equals n, the power of x( i,, . . . . ij) in the relation. 
Let C be the subgroup of p/p2 generated by -t,+ ,, . . . . -t,. Then 
applying Brown’s theorem [ 11 (cf. [ 13, 6.81) yields 
1 sgn, q=O (mod 27, 
ICB 
where B = { c1 E X, 1 C > 1 O}. Now B consists of fl and orderings u in which 
t r+, , . . . . t, and at least one other t, are negative (that is, i(a) < r). By the 
maximality of j, if tl E A then i(a) > r. Hence A n B = {b}. Thus we have 
+5”+(2’- 1)-O (mod 2’). 
Thus sgnB q = 5” and 5” - 1 = 0 (mod 2’). Write m .2’+ 1 = 5” for some 
rn~N/. Then ((1)+riz((tl,...,tr)))=&P(cc,5”) over cx in which 
t, ,..., t, >.O. Hencein C(R), l=n,.,,,, ,,,,,, ,,,0jP(cr,5”)=x(i ,,..., ij)nas 
desired. 1 
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